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b
n = ———— kI — 2
Y —a dm?— 1 =2q 4 ¢

Taking account of the first boundary condition in (4), the general solution of (12) is
Ty = 072 [C\M,, g (B) + CoW,  (B)] sin R
Mym () = e (m — 43y, 2m 1.8

Wom (8) = B2 Y (m — a4 1Y, 2m + 1, §)

—

(@, ¥ are degenerate hypergeometric functions). The diagram of 7, in the section

= — 0.4, obtained by this method, is presented in Fig. 3 (curve 3),

The bending state of stress in the sector of a thin toroidal shell segment corresponds
to the character of the change in the membrane forces and is determined on the found-
ation of the membrane solution obtained. Knowing the general character of the change
in the state of stress and the magnitude of the moments inthe section ¢ = ¢, (from the
solution of the known problem for a shell closed along the circumferential coordinate),
the magnitude of the bending moments can be determined in the section 6 < ¢ << @q.
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A method is given for solving some boundary value problems for a half-plane
with a circular hole, It is assumed that the material of the half-plane possesses
rectilinear anisotropy of a general kind and that planes of symmetry perpendicular
to the (-axis exist, The half-plane is weakened by a circular hole /, of unit ra-
dius subjected to an internal pressure p. The affix ofthe centerof /., (Fig. 1) is de-
noted by a
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1, The solution of the problem consists of seeking two analytic functions @; (z;) (j =
1, 2) in the appropriate domains, in whose terms the stress and displacement components
are expressed [1]. Here z; = = -+ pjy are generalized
complex variables, and 1y, M. are roots of a certain char-
acteristic equation,

The stress components on an area with normal » are
determined by means of the formulas (L1

6, = 02Dy (5) + 82Dy (3y) +4- 82Dy (5) + 82Dy (z9)

L T, = 0uTiD (2) + 8111 Dy (53) 4 812Dy’ (22) - SaTa Dy (29)
Fig. 1 8; = cos (n, y) — p; Cos (n, ¥), y; = cos (n, y) +
u; cos (n, x)

A half-plane §;-, bounded by the same line L, and weakened by an elliptical hole v;
with center at the point 4, corresponds in the complex z; -plane to the half-plane $~
weakened by the circular hole L.

The function mapping the exterior of the unit circle on the exterior of the ellipse is

2,].: dJ + 1/2 ('j(’inj [P;C} "fw (p;;;)nl]

b, +d;
— J J IR U e s o
Pj—Vbj_dj, (j Al/bjl»-dj

Here b;, d; are the major and minor semi-axes of the ellipse, 6, is the slope of the
major semi-axis to 0x. The inverse function is represented as foliows:

_ - 2i0 .
Z;—a;+ V {z; — aj)‘-’ — cjﬁw J

gj = Xj (zj) = it
piej !
The relationships

i ] _ i—Hn,
8;(t;) =5 {41y le (t])(‘;f‘—k‘i- — % (t}.))

1 Py

(t) = — (i — -1 i
are valid on the contour of the unit circle L; . Here the point x; (¢;) belongs to L,
and ¢; is a point of ¥;-

2, First boundary value problem. The normal N (z,) and tangential T (z,)
forces summed over L, are given on the rectilinear boundary of the half-plane L,. We
then have

Dy (to) -+ Dy (86} -+ By (tg) + By (2) = — N (te) on Lo .1
pa®y’ (t) + 1a®y’ (to) + Py®, (f0) + P2®, (fg) = T (to) on L, (2.2)
& (1) @y (1) + & (8) D2 (1) + My (1) Dy (1) + M () By () = — p onid, (2.3)

Ej (69 = 8; (4 85 (1) + iv; (&), m; (8) = &; (2;) (85 () + &v; (5))
Let us introduce unknown auxiliary functions on Z,
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25 () 03 (&) = & (1)D) (1) — & {ty) @y (&) — m (t)) Pf (t) — (2.4)
Mg () By (2y)
25, () wa (1) = — &3 (t) @ (1) + & (ty) Dy (t) — (2.5)

M (8D @1 (1) — na (8) Dy ()
Adding (2.3) to {2.4) and (2.3) to (2.5),respectively, we obtain
o (1) = o, (t)—gg”@ (=1, (2.6)

On the basis of the properties of Cauchy-type integrals, we find from (2. 6) that the re~
gular function in the domain outside the ellipse v;

@i (zj) = @ (27) + Ij (z5) — Iy; (z) 2.7
{ o; (t) dt; p 1 g5t (1) de;
hyte) =57 S*““—zj_z. ; ’eﬂ%):TrSw;._z.’
g i A i
7 J

is analytically continuable within the ellipse ;.
Let us substitute (2. 7) into (2, 1) and (2. 2), then we obtain for the regular functions.
@y (z;) in the whole lower half-plane

Dy’ (to) + Doy’ (1) + Do’ (o) + Do (1)) = — N (1) -+ B, (2y) (2.8)
@a’ (10) + ooy’ (ty) + B0y’ (1g) + JaDay” (fo) = T (to) + Oy (to)
Ra (to) = Iny () — Iy (te) + Trp (tg) — Inp (to) + Iy (2g) — (2.9

Ty {2o) + Iny (te) — Fop (2g)

Qs Uo) = Wi {73 (t} — Loy (20)] + Wo [F1p (2a) ~ Top (20)) +
foy [yy (1) — T3y (20) (ol + By e (8g) — 1o Ty (t0)]

We multiply (2. 8) by a Cauchy kernel and integrate over L,, then

1 —
D' ()= F- [@1 (31} — @2 (21}], Doy’ (2y) = E‘T}r {0y (29) — P2 (z2)]

t WV (to) +- 1" (k) 1 R, (to) — )
1 (2) =257 S-‘L_r;)f’z‘l——odto, Pa(71) = 57 S R (t:)—- le* 0)
Ly £
1 N (t 1 (¢ 1 R _ ¢
b1 (22 =57 Sﬁlﬂ%;(_d dte, Yz (z) = 5= S}J’__.__l * g:)_ 23‘ ( o)

8, Mixed boundary value problem. A stamp with a flat base is pressed by
a force P on a half-plane with a circular hole, The presence of a dry friction force
(T == p,P) is assumed between the stamp and the boundary Lo It is also assumed that
the stamp is displaced translationally. Then we have on Z,

D, (tg) + By (t)) + Dy (to) + By (tg) = 0 6.1

@y (to) W@y’ () 4 By @1 (L) + Jo®@," (tg) = 0, [ 4 [ >1
@@y (tg) + 2@y (¢ + HDy (to) + 7Py’ (£) = O

(@1 (to) + pa®@y’ (L) + Fy Dy (to) + Ty’ (tg)] =

Pe @) (o) + @y (15) + Dy (tg) + @ {te)l, 1241 <1
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The constants ¢, ¢ are expressed in terms of the constants of the material [1], Proceed-
ing from the functions ®;,’ (z;) constructed in Sect. 2, let us reduce this problem tothe
problem of a stamp impressed on a solid half-plane, Taking (2.7) into account and re-

resenting @;,’ (z;) as , ,
p g j%® 7 q)jtl (zj) — (pj* (zj) + 'q)l* (z})

where ¥;4' (z;) is the solution of the first boundary value problem for a solid anisotropic
half-plane when certain forces Ra (o), Qs (t5), are applied to the half-plane boundary,
and we have for ¢’ (z;) from (3. 1)

Prx’ (f0) + Poa’ () + @ua” (tg) + Pon’ (20) = O (3.2
Wi@rx’ (fo) + Mooy’ (to) + Mgy’ (tg) + Fo@aa’ (8) = 0, [t [ > 1
91 Pra’ (to) + aPox’ (to) + Ta@asx’ (tg) + TaPaa’ (20) = M’ (20)
[R1®1x” (o) + Haax’ (20) + Fipra (20) + Faaa’ ()] =
Ox (91’ (t0) + @os’ (t0) T P1s” (t0) + Goa’ (F)), [ 20 | < L
M’ (to) = My (to) — a1 P1a' (20) — qa¥ae’ (f0) — Tu¥Pra’ (to) — T¥au’ (to)

Mo (t0) = gy [Iy1 (2g) — Ty (t)] 4 go [T (tg) — Iy (2)] +
Tyl (t0) — Iy (t)] + Ty (115 (2g) — Ty (29))

Following {2], we represent the analytic functions ;. (z;) in the lower half-plane

, Yo+ p ,
Pra’ (21) = — m wi(21),  Qaa’ (22 = #ﬁ'ﬁ; w1 (22)

To determine w, (z) , 8 Riemann-~Hilbert problem is constructed

o+ i M
wl+(t°)+ﬁwl_(t")=x_j—(+;)z’ [te] <1

wit (tg) —wym (b)) = 0, | 1| >
1 1
M= (As+pade), %= (Bs+ pyBy)

Here A4,, A,, B;, B are expressed in terms of the constants of the material [2],
The solution of the problem obtained is represented as

!
X, (2) M 1) dt
wy (2) =3 (%1 — i%a) & Xo* (to) (to — 2) +G

X, (3)

R . , 1 i
Xo@)=+07 =) r’=—5I (_ x:—:::))

4. Let tota]l adhesion hold under the stamp, and let the boundary outside the stamp
be force-free ; then

Dy’ (to) + D2’ (tg) + Dy (2g) + @y (t) = 0 (4.1)

@y (tg) + @y’ (2g) + By D@y’ (8o) + RaDy (2g) = 0, 12| >

1 D1 (o) + po @' (80) + 53Dy (o) + D@, (2g) = 0

@@y (o) + @@y (80) + T:@y" (2o) + TPy (8g) = 0, | o | <1
Substituting (2. 7) into (4. 1), we obtain

D1, (t) + (Dz*’ (20) + D@4’ (20) + Dy’ (o) = Ry (to)
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B Dy’ (L) -k pa®ya’ (L) + Py’ (8g) + Ba®y (£g) == Qu (2g), | 1y ] > !
Pr P’ (1) + pa@ax” (to) -+ Py®ry (tg) + Fo@a’ (to) = Nolto)
D’ (1) + 0Dy’ (1) + TP (Bg) -+ 7300y’ (1) = Mylty), [y} < !

No (o) = {1 (to) —~ Lo (to)] 4~ pe [Fa2(te) — Ta2 (to)] + 1 [Fu (fo) — Tor (t0)] -
P2 a2 (to) — I (to)]

where R, (t,), O« (t,) and M, (¢,) are determined from (2, 9) and the last formula in
(3.2).
These conditions correspond to a mixed boundary value problem for a solid half-plane.
Following [2], we fmd
_ (= Spa) g (z) — (1 — Spo) wy (2)
10 (81} =
23 (g — o) (S — )

0:,‘ {39) = (€ ’5}‘1} g (Za) — (1 — Stiy) wy (2y)
) 28 (g — o) (5 — )

Riemann-Hilbert problems are constructed for the functions w5 (z) and w; (2)
A

B+ - (tg) = T
K;—iQ; g K- Q
wit (tg) — wy (Ly) == 271 | R, (L) +- § Q* (o)) Jfol>1
](2:[(3;:](. Q‘L:Q:&:Q’ *52:53 =4, 7"2::7»32;\-

w;* (fo) + [No (to) + 2 Mo ()], [to] <!

(the constants K,Q, A, § are expressed in terms of constants of the material [2]), Solu-
tions of these problems are

X ;@ ¢ f; (ko) dlo )
w, (2) = 22 J + CX (2, =23
it 28 SX“j(to) fo—2) itoi @) 1
i R, (50)+S Qe )l [ > 1

15 (to) = 2n n .

ive m‘[~\o(to)+‘55a1fo(to)]a Jtl <1
Xps@ =G+ e—p", =L ‘“( Kj+§gi>

5_ i

The constants ¢; are determined from the limit conditions for w; (z;) at infinity [2];
they equal the force P acting on the stamp. To find w; (¢) we represent them as the
Fourier series had
w; (1) = Z 2, (0 —a)”
v=—00

Using this representation, we express the functions @;' (z;) as an infinite series in whose
coefficients enter «v;. Two infinite systems of complex linear algebraic equations are
obtained to determine them,

Numerical example., A computation is performed for the first fundamental
problem with the following data: p = 0; N (f)) = 0 for ¢ | > 1 and N (¢) = 1 for
ftol < i, T(ty) =0, ap= —ih, B, = 1.48{, p, = 0.53i, I = 1.2, h = 1.2. Eleven equa-
tions are taken from the four infinite systems of real linear algebraic equations, Dia-
grams of the annular stresses at points of the circle are obtained, Values of the annular
stresses at points of the circle are
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[t} 0 40 80 120 180
5y +10.87 +8.06 +6.97 —4.55 —1.58
59 + 5.52 +3.96 +2.84 —3.42 — 4,28

Values of o, for the isotropic case are given in the third line; 0 is the angle measured
from the normal to the half-plane boundary,
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The problem of the impression of two identical axisymmetric stamps in an elas-
tic sphere is considered, It is assumed that the surface of the sphere outside the
stamps is stress-free, while there are no shear stresses under the stamps, A solu-
tion is obtained for arbitrary stamps for both given and unknown in advance boun-
daries of the contact domains by the method elucidated in [1], A numerical cal-
culation is presented for spherical stamps under internal contact with the sphere.

The contact problem for a sphere in such a formulation (when the boundaries
of the contact domains are known) was first studied in [2]. The problem was re-
duced to determining certain coefficients from dual series - equations containing
Legendre polynomials, The method permitting reduction of the solution of the
obtained dual series - equations to the solution of an infinite system of linear
algebraic equations is indicated. This method is reduced to an integral equation
of the first kind in [3] and a possible scheme is indicated for the approximate
solution of the equation obtained,

1, Let us consider the contact problem of impressing two axisymmetric stamps(Fig.1),
whose surface is given in a spherical r, 0, ¢ coordinate system by the equation

r=RU+p®, o —8)=p(0), p(0)=0 (1.H

onto an elastic sphere r << R.
The boundary conditions (on the sphere r = R) are (2aR is the approach of the

Stamp): o R{—alcosf |+ p @], 0<O0<y and n—y<O<n (LD



