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4mZ - 1 = 2n + (12 

Taking account of the first boundary condition in (4), the general solution of (12) is 

T, = 0ai2 f&M,,, (4) + CzW,,,, (c)I sin By, 

M n,m (4) = f- z/2 trn+‘:*Q, (m - n +.I/,, 2m +- 1. 4) 

w*,= (5) = ,,-w <mi-lis y (m - n ..- ‘I?* 2m $ 1, 4) 

(CD, Y are degenerate hypergeometric functions). The diagram of T, in the section 

0 = - 0.4, obtained by this method, is presented in Fig. 3 (curve 3). 

The bending state of stress in the sector of a thin toroidal shell segment corresponds 
to the character of the change in the membrane forces and is determined on the found- 

ation of the membrane solution obtained. Knowing the general character of the change 
in the state of stress and the magnitude of the moments in the section (r‘ = TO (from the 

solution of the known problem for a shell closed along the circumferential coordinate), 
the magnitude of the bending moments can be determined in the section 0 < cp < cpo. 
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A method is given for solving some boundary value problems for a half-plane 

with a circular hole. It is assumed that the material of the half-plane possesses 
rectilinear anisotropy of a general kind and that planes of symmetry perpendicular 
to the &axis exist, The half-plane is weakened by a circular hole I,, of unit ra- 

dius subjected to an internal pressure p. The affix of the center of I;, (Fig. 1) is de- 
noted by ii 



1, The solution of the problem consists of seeking two analytic functions Oj (zj) (j = 
1, 2) in the appropriate domains, in whose terms the stress and d~pla~ement components 

are expressed [I]. Here zj = z -+ tLj?/ are generalized 
complex variables, and &. !I2 are roots of a certain char- 

acteristic equation. 
The stress components on an area with normal ‘I are 

determined by means of the formulas 
(1. 1) 

on = 812@,1’ (21) + @W + 6$D.L’ (z.& + &zW 
-____ 

ZIZ = &rr(D, (3,) + b*T1’1), (“1) + fief@,’ (22) + c;,r, (1)21 

A half-plane sj-, bounded by the same line L,! and weakened by an elliptical hole Yj 
with center at the point zj corresponds in the complex zj -plane to the half-plane S- 

weakened by the circular hole L,, 
The function mapping the exterior of the unit circle on the exterior of the ellipse is 

Pj = 

bj + dj 
- 

bj - di ’ 
‘~j -1 J/q=q 

Here bjr dj are the major and minor semi-axes of the ellipse, @I is the slope of the 

major semi-axis to 0%. The inverse function is represented as follows: 

cj = xj (Zj) = 
zj - tij + V(Z~ _ ~~12 _ Cj2p2iRj 

PjCj” 
illi 

The relationships 

I+ (lj) = + (i + Clj) xi’ (tj) ( 2 
3 

- xj2 (t$ 
> 

1 
Tj ttj) = 2 ti - Pjl 5" ttj) ( i + Pj 

i - pj 
- Xj2 ([j) ) 

I 

are valid on the contour of the unit circle LX . Here the point xi (t,i) belongs to 15, 

and tj is a point of Yj. 

2, First boundary value problem. The normal N (to) and tangential 2’ (to) 
forces summed over L, are given on the rectilinear boundary of the half-plane L,. We 

then have 
@I’ (to) t 0,’ (to) -t @r (t,) + CD,’ f&J = - N (to) on Lo (2.1) 

PI@I (to) + W% (to) 4 t$fTfG + jLz_ = T (to) on LO (2.2) 

E1 (Q) @I 01) + Ez (Q @‘2’ (tz) + qr (Qat,’ + 112 (&)qqq = - p onl,, (2.3) 

Ej (tj) = (rj (tj) t6j ($j) + +j (tj))? qj (tj) = m (8j + iyj (tj)) 

Let us introduce unknown auxiliary functions on L, 
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Adding (2.3) to (2.4) am! (2.3) to (2,5), respectively, we obtain 

@j’ Vj) = wj (4 - &--$ (i= I, 2) 
j 3 

(2.6) 

On the basis of the properties of Cauchy-type. integrals, we find from (2.6) that the re- 
gular function in the domain outside the ellipse yi 

@j*i (Zj) - @j’ (Zj) i_ Ilj (Zj) - f,j (Zj) 
(2.7) 

is analytically continuable within the ellipse yj. 

Let us substitute (2.7) into (2,1) and (2.2), then we obtain for the regular functions 
cDj*’ (zi) in the whole lower half-plane 

3, Mixed boundary value problem. A stamp with a fiat base is pressed by 
a force P on a half-plane with a circular hole. The presence of a dry friction force 
(T = P*P) is assumed between the stamp and the boundary Lo It is also assumed that 

the stamp is displaced translationally. Then we have on Lo 

(3.1) 



The constants ql, qz are expressed in terms of the constants of the material [l]. Proceed- 
ing from the functions mj*’ (sj) constructed in Sect. 2, let us reduce this problem tothe 
problem of a stamp impressed on a solid half-plane. Taking (2.7) into account and re- 
presenting Qjs’ (q) as 

@jt (zj) = (Pf*’ (“j) + *j*' (zj) 

where $j*’ (Zj) is the solution of the first boundary value problem for a solid anisotropic 

half-plane when certain forces R, (to), Q* (to), are applied to the half-plane boundary, 
and we have for ‘pi*’ (zj) from (3.1) 

‘p1*’ (to) + %*’ (to) + CPI*I + ‘Pm = cl (3.2) 

WfJ1*’ (to) + P2’p2*’ (b) + P’m + P2c-m = 0, I to I > 1 

QI ‘PI*’ kl) + Y2%*’ (hl) + ‘51’Plzr + (GG7-m = M’ (to) 

hPI*’ (GJ + w2*’ (GJ + FlcF1,’ + QP2+’ (&I)1 = 

P* I%*’ &J + %*’ (hl) -i CT-m -t- cpz*‘(t,)l, I t, I < 1 

Jf’ (to) = MO’ (to) - Yl $I.*’ (to) - Y&*’ 00) - %$I* (to) - tq&,’ (to) 

MO (to) = 41 1111 (to) - 12, (to)1 + 42 [I,, (to) - 122 (to)1 + -- -- 

c& VI, Vo) - I,, (to)] + ?2 [I,, 00) - 122 (to)! 

Following [2], we represent the analytic functions ‘pi*’ (q) in the lower half-plane 

‘p1*’ (4 = - &y-& Wl (21)) ‘pz*’ (22) = 
Pl + Pz 

2ni (PI - p2) w1 (zz) 

To determine 1~‘~ (z) , a Riemann-Hilbert problem is constructed 

WI+ (to) + s 2M’ (to) 
WI- (to) = - 

X1--i% ’ Itol<l 

w1+ (hl) - q- (to) = 0, I to I > I 

x1 =x 1 (A$.P*J%), %=+ (&+p*&) 

Here A~, A,, B3, B4 are expressed in terms of the constants of the material [Z]. 

The solution of the problem obtained is represented as 

4, Let total adhesion hold under the stamp, and let the boundary out&k the stamp 
be force-free ; then 

@I (to) + %’ (to) + (D1’ + Q’2’ = 0 (4.1) 

PI@‘1 00) + P&z’ (to) + PlVGj + &&%j = 0, I kl I > 1 
Pl @l’ (to) + pz %’ 00) + P1W + PA’ Go) = 0 

YA’ (kJ + YA’ 00) + tG-vm + &Km = 0, I hl I <E 
Substituting (2.7) into (4. l), we obtain 

ml*’ (to) + @‘A*’ (to) + m + @)2*)= R, (to) 
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where R* (to), Q* (i,) and M,, (1,) are determined from (2. 9) and the last formula in 
(3.2). 

These conditions correspond to a mixed boundary value problem for a solid half-plane. 
Following [2], we find 

0;. (3 = it - &2) u’z (Zll - (1 - SP2) % I"*) 

2Xi (ur - IL) (B - S) 

~ern~n-Albert problems are constructed for the functions II’~ (z) and We (z,) 

wj' itO! + 

hej + iQj 2n 
Ki - iQj 

wj- (to, = _ 
Kj - iQj 1 No @of + +.bfo (to) 13 I to I < 1 

(the constants K,Q, h, s are expressed in terms of constants of the material [Z]). Solu- 
tions of these problems are 

x0 j (‘1 I’ 
wj (2) = - I 

/j ('01 d’o 
2ni I,o x,+ (to) (lo- 2) 

+ G$‘,~ (sf, i = 2x3 

jj(1,) = 2n 

i Kj-- iQ. l.yo tto) + sj .I10 ttO) 1, 1 to I < 1 

3 

Xoi(Z) = [Z + Ip" (z - Ify+, TjO =I & In - Kj+ iQj 
Kj- iQj > 

The constants cj are determined from the limit conditions for wf (zj) at infinity [2); 
they equal the force P acting on the stamp, To find wi (t) we represent them as the 
Fourier series m 

oj (t) = 
c 

““j (t -a)‘. 
Y=--m 

Using this representation, we express the functions aj’ (sj) as an infinite series in whose 
coefficients enter a+. Two infinite systems of complex linear algebraic equations are 
obtained to determine them, 

Numerical example. A computation is performed for the first ~ndamental 
problem with the following data: p = 0; N (to) = 0 for ( to / > I and N (to) = 1 for 

( t, 1 q I, T (ts) = 0, a, = - ih, pl = 1.48i, p2 = 0.53i, 1= 1.2, h = 1.2. Eleven equa- 
tions are taken from the four infinite systems of real linear algebraic equations. Dia- 
gram of the annular stresses at points of the circle are obtained. Values of the annular 
stresses at points of the circle are 
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e 0 40 80 120 180 

% + 10.87 + 8.06 + 6.97 -4.55 --1.58 

“e + 5.52 + 3.96 -+ 2.84 -3.12 - 4.28 

Values of crs for the isotropic case are given in the third line ; 0 is the angle measured 
from the normal to the half-plane boundary, 
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The problem of the impression of two identical axisymmetric stamps in an elas- 

tic sphere is considered. It is assumed that the surface of the sphere outside the 
stamps is stress-free, while there are no shear stresses under the stamp, A solu- 
tion is obtained for arbitrary stamps for both given and unknown in advance boun- 
daries of the contact domains by the method elucidated in [l]. A numericalcal- 
culation is presented for spherical stamps under internal contact with the sphere. 

The contact problem for a sphere in such a formulation (when the boundaries 
of the contact domains are known) was first studied in [2]. The problem was re- 

duced to determining certain coefficients from dual series - equations containing 
Legendre polynomials. The method permitting reduction of the solution of the 
obtained dual series - equations to the solution of an infinite system of linear 
algebriic equations is indicated. This method is reduced to an integral equation 
of the first kind in [3] and a possible scheme is indicated for the approximate 
solution of the equation obtained. 

1, Let us consider the contact problem of impressing two axisymmetric stamps(Fig.lJ, 
whose surface is given in a spherical r, 0, cp coordinate system by the equation 

r = R 11 + p @I,], p (z - 0) = p (e), p (0) - 0 (1.1) 

onto an elastic sphere r Q R . 
The boundary conditions (on the sphere r = H) are <2aR is the approach of the 


